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Normal operators in finite-dimensional Hilbert spaces

There are many problems in analysis which can be reduced to
questions about normal operators in Hilbert spaces. It is therefore
very important to get a thorough understanding of the structure of
these operators. The essential features are the same in both the
finite and the infinite-dimensional ocase. Unfortunately this fact
is often obscured by treating these cases differently. In the
finite-dimensional case geometrical ideas are dominant, operators
are replaced by their matrices, determinants are used heavily and
the main goal is to transform the given matrix into a diagonal matrix.
In the general case matrices are almost useless, determinants do not

exist and representations in diagonal form make no sense.




This does not mean that nothing can be said in this case, it only
means that these methods and notions are not the proper ones to
treat this problem.

The real meaning of the fact that a normal matrix can be trans-
formed into diagonal form by unitary matrices is that the corresponding
linear operator can be represented as a multiplication operator on some
function space isomorphic to the given Hilbert space. In this formulatdon
the theorem remains true for infinite-dimensional spaces. '

I shall try to give you some idea of how for finite dimensions
this theorem may be proved without using determinants, etc., and what
modifications are to be expected in the infinite-dimensional case,

In order to stress the main ideas I shall restrict myself to typical

special cases and make no attempt to give proofs of well-known facts.

Let us begin with some definitions!
Let Ck denote the set of all k-tuples x = (609 519 cocy Eka1) of
complex numbers Eie Define addition and multiplication with complex
numbers in the usual way: x + y = (EO ¥ Ngs coes Ey 4 * nkw]),

k-1)°
This set is called (k-dimensional) Hilbert space if to every pair of

ox = (an9 cocy OF

elements X,y is associated a complex number (x,y) satisfying the

following conditions:

(x;x) > 0, (x,x) = 0 if and only if x = 0.
(x,7) = (¥,%)

(ax,y) = alx,y)

(x,+x,,7) = (x,57) + (x5,7)

The number (x,y) is called the inner product of x and y.
Different inner products define different Hilbert spaces. There
really exist different inner products, e.g. for every choice of

real numbers u., > 0
k-1 >

(x,y) = z E; Mg My satisfies all requirements.
i=0




Let Hk be the Hilbert space formed by the set Ck together with the

inner product (x,y) = EO ;Tg + ooc * Ekm‘ﬁ Mg ©

Denote by IIXH = V(xgx) the norm of x. Then we have:
||| 2 0, ||x|| = 0 if and only if x = 0,

[lax]| = [a| |]x]|

Hxeyl| < x| + |1y]] (triangle inequality).

[ (x,3)] < 11x]] [yl (Cauchy=-Schwarz inequality).

A linear operator A on Hk 1s a mapping A of Hk into itself satisfying
A(x+x ) =Ax1 + Ax,

A(ax) = aAx

for every x éH o

There is a one=to-one correspondence between linear operators A and
complex k x k - matrices A = (aij) given by

k=1 k=1 k=1

A(goa ‘519 Y gk 1) = ( ZO an Ej, jz;o a1j gjs coog jéo ak_,l’j gj)o

For any pair of linear operators A,B in Hk we define A + B, aA, AB
by (A+B)x = Ax + Bx, (@A)x = aAx, (AB)x = A(Bx) for all x en®,
Let O be the null operator (0x = 0) and E the identity (Ex = x for

all x).

% [ ° 3
The operator A corresponding to the matrix Zajii 1s called the
adjoint of A. It is uniquely determined by the equation (Ax,y) =
%
= (x,A y) for all x,y @-:-,Hk and has the following properties:

L3

A =4, (A+B)7 = 2%+ B%, (aa)™ =3 4%, (aB)* = B*2%,

For every operator A a norm ||A|| mey be defined by |[A|| = sup ||Ax]].
It has the following properties: x| ]=
I'lAl] 20, ||a]] = 0 if and only if A = 0.

[aal] = la] []a]]

[1a+B]] < [lal] + [[B]]

[1aBI| < [lall |I8]]

118711 = [1al|

[1a" &1] = [1a7]] [1a]]




N

We can now define the class of operators which we are interested in:
An operator A is called normal if AA# = A* A,

The importance of this concept depends on two facts:

1) Normal operators are easy to treat.

2) Most operators which arise in applications have this property.

To get familiar with normal operators consider some special cases:

%
An operator A is called self=adjoint if A = A,

This implies that the corresponding matrix satisfies (aij) = (ajiSO
Every normal operator A has a unique representation of the form

. 3¢ =%
A=A + 1A2, A1 =A, A, = Azg where

1 19 %
A+ AT A=A
Ay =252, A =S5 and A =AML

Normal operators show thus remarkable analogies to complex numbers,
where self-adjoint operators correspond to real numbers. This
analogy can be extended. Corresponding to complex numbers of
absolute value one we define unitary operators to be those
satisfying U U# = U* U = E,

The unitary operators have the following geometric meaning: They are
just those operators which preserve the whole structure of Hks i.eo
they are characterized as linear operators leaving the inner product
invariant:

(Ux, Uy) = (x, y) for all xgyéngc For every unitary U the inverse
Um'i exists and satisfies Ukw.i =U.

14

In analogy to the representation z = re of complex numbers every
normal operator A has a representation in the form A = RU = UR with
unitary U and self-adjoint R. This is an easy corollary of more

general theorems given later,

The structure theory of normal operators begins with the observation
that the underlying Hilbert space may be decomposed into the orthogonal
sum of "eyclic" subspaces. We don’t carry out this decomposition here,
but assume from the beginning that the space 7 is already "cyclic"
with respect to the given normal operator A. This means that there
exists an element x & Hk@ I!x0[| = 1, such that every other xeH" has
the form x = p(A)xO for some polynomial p(A) = coE + C1A + coo ann

of A,




N

If P(A) denotes the set of all polynomials in A then our fundamental
assumption may be expressed as HS = P(A)xoc

The first consequence of this assumption is that the correspondence
p(A) - p(A)xo is one=to-one, or with other words that pO(A)xO =0
implies pO(A) = 0, i.e. pO(A)x = 0 for all x €H. But this follows
immediately from the fact that x = p(A)xO for some p(A) and
therefore po(A)x = po(A) p(A)x = p(A) pO(A)x = 0,

This implies that p.A(A)s coay pl(A)<sP(A) are linearly 1ndependent
if and only if pj(A)xog cooy r-(A)x are linearly independent in g .
Therefore P(A) is also kadlmen31onalo The elements E, A, ccoy Ak
are linearly independent and are therefore a base of P(A). For
otherwisg every polynomial would be expressible as a linear
combination of Ey A, oo, Al with 1 < k-2 and P(A) would not be
kwdlmens1onalo This fact may also be stated in the following form:
There exist complex numbers c. # 0 such that 7 (A) = ¢ E + c,aA 4 oot

Y
+ A = 0,

For every polynomial plA) of degree less than k we have p(A) # O.

We consider now the corresponding polynomial (A) =cy + cﬁx + oo *

+ ey 1Ak =1 e %, The equatlon i (A) 0 has exactly k roots, say

AOS coog AkW1

We have then 7 (A) =c. + ¢ A + .00 + ¢ Tk - (A = A1) oo
0 0 1 k=1 0" -

(A = Ak 1)5 This equation means that the coefficients c, are

expressible in terms of the Ai”s and remains true if one replaces

X by A. Therefore we have

m (A) = (A = AOE)(A had XXE) 0 oo (A = A E)c

k=1
This equation contains the whole structure of the operator A.
Consider now the polynomials qi(A) = I (A = kjE)o

Then I

(A = liE)qi(A) = “O(A) =0 and qi(A) # 0 because this is a

polynomial of degree k=1,




Using this result and the equality | |BB || = ||B||® nolding for all
operators B we get (A - XlE)q (A) = 0, because
|](a” J;mqimllg (s - X E)q,(4)) ((A - T E)q, (4)) ||

= 18" = T7E) (q (A" + (& = 2;B)g (a))]]

We have therefore A qi(A) A a; (A) and A" ay (A) = q (A).
Through successive applicatlons of these equatlons we get
p(A) q;(A) = p(Au) q; (A)

and (p(a)) q (A) = p(X 5 a; (4)
for arbitrary polynomials p(A).

In particular we have

[Hag 12 = [ (an™ a W] = || T g, =
= lq‘i()\i)l qu(A)ll or qu(A)H = |qi()‘i)|°

This implies qi(li) # 0 because qi(A) # 0.
1s 1 A A. for i jo
This in turn means that A, # j for i # ] qi(A)
i ) ial JAA) = o
We may therefore consider the polynomials pl( ) E;TTIT
Let us now summarize the results obtained so far:

Theorem 15

Every p(A) €P(A) has a unique representation in the form
(1) p(A) = p(A ) po(A) + coc + DO ) p_ (A)e
P(A) contalns with every p(A) the adjoint (p(A))~, which

is given by

(17) (p(A))™ = BTN po(A) + oo + DOV by, (

Proof: We have pi(A) pj(A) = pi(lj) pj(A) =0, 1i# jo

1}

2
(pi(A)) pa(l-) py(A) = pi(A)

(p;(8))" = p;(x;) p;(8) = (A;) py(A) = p(A)

po(A)9 soas Py 1(A) are therefore linearly independent and
form a base of P(A).
If p(A) = § c; p; (A), then p(A) p, (A) = pi(A)9 i.eo

1
p(ki) pi(A) c: pi(A) or ¢, = p(xi)c

[}




We introduce now the following notations: let o(A) denote the subset
of the complex plane consisting of the elements {Aoa Als 0oog Akm]}o
Let C(o(A)) be the set of all complex functions f on o(A). Every f on
o(A) is of course unique}y determined by the values f(Ai)o For every
f we define a norm by
ltll= = suwp |£(2)] = max |22,)].
ze d(A i

Then the following theorem holds:
Theorem 2:

The mapping V of P(A) into C(o(A)) defined by Vp(A) = p(z)

is a one-to-one mapping of P(A) onto C(g(A)) with the

following properties:

1) V(P(A) + q(A)) = Vp(A) + Vq(a)

2) V(ap(A)) = aVp(A)

3) V(P(A) q(A)) = Vp(a) < Vq(A)

L) v((a(a))™) = V(P(A)]

5) [[V(p(A))]]= = [[p{R)]]-

Proof: It follows immediately from the definition of V that it is

one-to-one and satisfies 1) = L),
Every f&€C{s(A)) is the image of some p(A), e.g.
p(a) = f(AO)pO(A) + oocq * f(Akmj)pkmi(A) fulfills Vp(A) = f.

It remains to show that ||p(A)|]| = ||p(z)||§ = sup |p(Ai) o
i

From

e )] = [e() o, W] = [p(a) p, W] < He@I] ey ()]l

= ||p(a)]|

we see at once sup ip(li)l < e

To show the reve;se inequality remark first that

o] = 11520, 2] £ Tp0)] Ty 1] <

< suwp [pOr )] < Llp ()] =k = sup [p(2,)]e

Thefefore .

Hp()](2 = [1p(a) ((a)”]| < k < sup |p(A,)|? and more

general :

=

[p(a)] 12" < k swp |p(r)]2%
1




. . . 2on
This implies llp(A)|I S \//E ° s?p lp()\i)[s n=1,2, 3, cco
In the limit for n + ® we have therefore

[p(a)[] < sup [p(2;)
1

©

From theorem 2 we can conclude the following facts:

1)

Proof:

3)

Proof:

Proof:

The set 0(A) is the spectrum of A, i.e. the set of all
complex numbers p such that (A - uE)m1 does not exist.

(A - AiE)" cannot exist because otherwise we would have
a;(8) = (A = AB)7 (A= 4E) q (8) = (& - \B)7 wo(a) =0,
a contradictions

If u # Ai then the function f(z) = z - y has an inverse on

! and therefore (A - uE)_‘l

o(A), namely fzz) ==

exists in P(A).

A is selfadjoint if and only if o(A) is a subset of the real

line,

A=A &> 2=2 on ofld) &> Ay = I; o

A is unitary if and only if o(A) is a subset of the circle

| 2|

1o

>

AA

1 & 2z 2z =1 on ofA) = lAi| = 1,
Every normal operator A has a representation of the form

A = RU = UR, R selfadjoint and U unitary.

The function z on 0(A) may be written in the form

i¢

z = re ', from which the statement follows using 2) and 3).

We are now in the position to construct a Hilbert space isomorphic

to Hk on which the operator A acts as a multiplication operator.

We merely have to define an inner product on C (6(A)). To this end

define numbers u; by M. = (pi(A)xo,xO)0




k=1
Then py., > 0 and § M. = 1.
1 o 1
1=0

This follows at once from

uy = (pi(A)xo,xo) = ((pi(A))* pi(A)xogxo) = (pi(A)xog pi(A)xO) >0

2
and g (p; (A)x5xy) = ((§ p: (R)xgoxy) = (xgsxy) = ||xg||” =
Denote now by Lﬁ (0(A)) the Hilbert space consisting of the set
C(o(A)) with the usual algebraic operations and the inner product
(f,8) = £(x;) al},;
Moo gofa)  t 1
i
Then the following theorem holds:
Theorem 3:
The mapping T of 1 into L (a(A)) deflned by T(p(A)x = p(z)
is a one-to-one mapping of Hk onto L (6(A)) and has the

following properties:

1) T(x1+x2) = Tx, + Tx,

2) T(ax) = a Tx

3) (Tx19 Tx2)u = (xwx2)9 in particular ][Txllu = |

L) T(Ax) = z°Tx, i.e. the operator A corresponds to the

operator "multiplication with the function z on o (A)".

Proof: 1) and 2) are trivial.
3) follows from

B % py(5) p0 ) wg = (pyapp), e

4) is a consequence of the equation

T(A p(A)xo) = zp(z) = Z°T(p(A)xO)o
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Remark: It is easy to obtain from theorem 3 the usual formulation
in terms of matrices: Denote by S the mapping from Li (o(a))
ato B aert i
into defined by S(p(z)) (V?B p(ko), coos Uy p(A
Then (p(z), q(z)) = (Sp, Sq) and
S(zp(z)) = D, - S(p(Z)), where D, denotes the diagonal matrix

A
Dy = (&;5)s d5; = 2se

k1))

Set now U = ST, Then U is a linear mapping of Hk into itself

satisfying (Ux19 Ux,) = (STx13 Ssz) = (Tx19,Tx2) = (x,igxz)u

This means that U ig unitary.

Moreover we have U(Ax) = ST(Ax) = S(z(Tx)) = DA STx = DA Ux,
ie. UA=DU or vav™! = D,.

This is usually expressed in words as: "A can be transformed
into diagonal form by a unitary transformation" or "A is

unitary equivalent to a diagonal matrix".

Let us now give some examples to illustrate the theory!

Consider first the Hilbert space Hk and the operator A defined by

A(EOB g,!g ©00g Ek"1) = (ik".l SE%OQ 000 g Ek_a)o
It is easy to see that A = A ', i.e. A is unitary.

Let x, = (1, 05 cooy 0)o Then ||xO
can be written in the form x = (gOE +EA Y oo+ gkalA )Xoc

Therefore E, Ay coos Akm'i are linearly independent and A" = E.

| = 1 and every x = (599 Eq9 2ces gkm1>
N !

. k
This implies wO(A) = A¥ - E. The roots of the equation z= -« 1 = 0
k-1

are precisely the k-th roots of unity 1, s ocoog Q s Where
2ni
k
e.g. q = e o
k=1 .
i
Therefore wO(A) = 1 (A=-¢E)
i=0
This implies qo(A) =E+ A+ co0 + A¥"" ana therefore
k=1
pO(A) ='% (E+ A+ ..o + A )
=3 1 =1 «i(k=1) k=1
Because of pi(A) = po(g a) = (E+E& A+ ..o +E AT

we have

4

Ui = (pi(A)xoixo) = ui’; ? is= 05 19 macg k=1,




11

'o(A)) is thus the Hilbert space of all complex functions on the

1 roots of unity with inner product

k=1

I i 1
(fsg)u =3 GZ £(g7) eleg™) o
1=0
. k 2 . .
mapping T of H~ onto L (o(A)) is given by Tx = T(&OQ i3 soes &y )=

k=T and T(Ax) = T(¢ ) =

+€1Z+ o Co +g
k=1

kuli E»'-09 cocy Ekmz

k=1 k=1
= z(EO EZ ¥ oo +E )

)
+ Q0O
1t 802 * * B0

wse 20 = 1 on o(A),

;he end of this talk I shall try to give you some impression of the
-esponding situation in the infinite-dimensional case. As I already
:» stated it differs only in technical details. Again the given

Jert space can be decomposed into the orthogonal sum of "eyclic"
spaces, so that it suffices to consider only this case. But here
:1ic" has a somewhat different meaning: Denote by P (A) the set of
polynomials in A and.A%D which coincides with P(A) in the finite-

' if there exists an

:nsional case. Then H is called "cyelic'
H, iixoﬂl = 1, such that ?ﬁ(A)xo is dense in H.

spectrum 0 {A), i.e. the set of complex numbers ) such that

- XE)aj does not exist, is always a closed bounded subset of the
’lex plane.

\) is isometrically isomorphic to the set of all polynomials in
7d z ono(A). This set is dense in the space C{o(A)) of all
-inuous functions on o(A). On o(A) there exists a probability
sure p such that H is isomorphic to Lf {o(A)), the set of all
ire-u=integrable functions on o(A).

(A)) is a dense subspace of 12 (6 (A)), where the inner product

lefined by (f,g) = [ £(z) glz) a ul(z).
FoolA)

operator A corresponds to the operator "multiplication with z".
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To make things as clear as possible without going into much detail
let us consider the following example which can be considered as
the infinite-dimensional analogue of the one just given.

Consider the Hilbert space L2(ZD of all twosided infinite sequences

(E ) = (coo & o E_q» Ego &y sco) of complex numbers g, with

-]

Z|E l2 < ® and the inner product (x,y) = E &n 0 °

Let A be the operator defined by A(En) (g )o Then A is unitary
and 0(A) consists of the set of all complex numbers z with [z| = 1,
Let xo*f (coo 0, 0, 1, 0, 0, seo)e

Then P (A)x consists of the set of all sequences x = (gn) such that
only flnltely many E are different from zero.

P (A) is 1sometr1cally isomorphic with the set of all functions of
the form 2 c z% on lz| = 1, where ¢ # 0 only for finitely

w00 .
many n. Writing each z in the form z = e2Tr1t this is Jjust the set

. . . 271
of all trigonometric polynomials 2 c e'"lnt on Ep§1jo
=0 1

f
We define an inner product on this set by (f(t), glt)) = ! £(t) glt) at.
B

. 0
2rint . 2rint
y c_ e , glt) =71 d e

It is easy to see that for f(t) = we

have (f(t), g(t)) =} c, E: o

We have therefore a one=to=oOne correspondencn between the set

B (A)x with the inner product of L (Z) andrghe set of all trigonometric
polynomlals with the inner product (f,g) = £(t) ET?? dt, which is

a dense subset of the Hilbert space LZ(EbQE}Q of all square=integrable
functions on EO,T] o

This correspondence can be uniquely extended to a one-to-one mapping

of L2(Z) onto LQ(EOSf}) having all properties indicated in theorem 3.

In particular the operator A corresponds to multiplication with the
function e2ﬂito

The exact analysis of these things forms the subject matter of the

theory of Fourier series.
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